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Abstract
We determine some particular values of the noncommutativity parameter θ and show
that the Murthy-Shankar approach is in fact a particular case of a more general one.
Indeed, using the fractional quantum Hall effect (FQHE) experimental data, we give a
measurement of θ. This measurement can be obtained by considering some values of the
filling factor ν and other ingredients, magnetic field B and electron density ρ. Moreover, it
is found that θ can be quantized either fractionally or integrally in terms of the magnetic
length l0 and the quantization is exactly what Murthy and Shankar formulated recently
for the FQHE. On the other hand, we show that the mapping of the FQHE in terms of
the composite fermion basis has a noncommutative geometry nature and therefore there
is a more general way than the Murthy-Shankar method to do this mapping.
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1 Introduction
Laughlin’s wavefunctions [1]
ΨL =
∏
i<j
(zi − zj)me− 14
∑
i |zi|
2
(1)
actually are good wavefunctions for describing the fractional quantum Hall effect (FQHE) [2, 3]
at filling factor ν = 1
m
, m odd integer. However, the situation at most other filling factors is
somewhat less clear. Several attempts are proposed to extend Laughlin’s theory by adopting
different approaches and assumptions. In particular, Jain [4, 5] introduced the composite
fermion (CF) concepts. Indeed, Jain’s idea is to explain the FQHE in terms of the integer
quantum Hall effect (IQHE) by using the attached flux notion where each electron is assumed
to be surrounded by an integer number of flux. Subsequently, by constructing a velocity
operator in terms of the standard operator momentum and weakened vector potential, Murthy
and Shankar [6, 7] proposed a Hamiltonian formalism for the FQHE mapped in terms of the
CF degrees of freedom.
Recently with Dayi, we proposed [8] an approach based on noncommutative geometry
tools [9] to describe the FQHE of a system of electrons. In fact, the corresponding filling
factor is found to be
νDJ =
π
2
ρ(l2 − θ) (2)
which is identified with the observed fractional values f = 1/3, 2/3, 1/5, · · ·. This approach
also allowed us to make a link with the CF approach [4, 5] of the FQHE by setting an effective
magnetic field
BDJ =
B
1− θl2 (3)
similar to that felt by the CF’s.
In this paper we would like to return to our former work [8] in order to add some relevant
applications. Indeed, by considering the experimental data of two different systems exhibiting
the FQHE, we determine explicitly the corresponding values of the noncommutativity parame-
ter θ. Under some assumptions, we find that θ can be quantized in terms of the magnetic length
and the quantization is nothing but what Murthy and Shankar defined when dealing with the
FQHE in terms of the CF’s. Moreover, we present a generalization of the Murthy-Shankar
approach for the FQHE.
Section 2 is a review of the derivation of the Hall conductivity of a two dimensional system
of electrons subject to an external magnetic field and living on both planes, commutative and
1
noncommutative. These serve as a guide in section 3 in order to determine some particular
values of θ and in the meantime quantize it. In section 4 after recalling briefly the Murthy-
Shankar approach, we show that this approach has a noncommutative nature and therefore
there is a more general approach.
2 Hall conductivity
In this section we shall review the determination of the Hall conductivity for a two dimensional
system of electrons subject to a magnetic field B. In fact, we start by recalling the commutative
case and end up with the noncommutative one.
2.1 Commutative plane
A system of an electron living on the plane (x, y) and in the presence of an uniform external
B and E fields can be described by the following Hamiltonian
H = 1
2m
[(
px − eB2c y
)2
+
(
py +
eB
2c
x
)2]
+ eEx (4)
where the gauge is chosen to be symmetric ~A = B
2
(−y, x) and the scalar potential is fixed to
be φ = −xEx.
H can be diagonalised simply by considering a couple of creation and annihilation operators.
Then, let us define the first pair [8]
b† = −2ipz¯ + eB2c z + λ
b = 2ipz +
eB
2c
z¯ + λ
(5)
and also the second
d = 2ipz − eB2c z¯
d† = −2ipz¯ − eB2c z
(6)
where λ = mcE
B
and z = x+ iy is the complex coordinate. These sets satisfy the commutation
relations
[b, b†] = 2m~ω
[d†, d] = 2m~ω
(7)
where ω = eB
mc
is the cyclotron frequency. The other commutators vanish. By using the above
operators, we can write H as
H = 1
4m
(b†b+ bb†)− λ
2m
(d† + d)− λ2
2m
. (8)
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From the eigenvalue equation
HΨ = EΨ (9)
we obtain eigenstates and energy spectrum:
Ψ(n,α) ≡ |n, α >= 1√
(2m~ω)nn!
ei(αy+
mω
2~
xy)(b†)n|0 >
E(n,α) =
~ω
2
(2n+ 1)− ~λ
m
α− λ2
2m
(10)
where n = 0, 1, 2 · · · and α ∈ R.
The corresponding Hall conductivity σH can be derived by using the definition of the related
current operator ~J , such as
~J = −eρ
m
(~p+ e
c
~A) (11)
where ρ is the electron density. Moreover, the expectation value of ~J can be calculated with
respect to the eigenstates |n, α > (10). Therefore, we obtain
< Jx >= 0
< Jy >= −
(
ρec
B
)
E.
(12)
The second equation implies that the Hall conductivity σH is
σH = −ρec
B
. (13)
Using the definition of the filling factor:
ν = 2πρl20 (14)
where l0 =
√
~c
eB
is the magnetic length, we can write σH as
σH = −ν e
2
h
(15)
2.2 Noncommutative plane
In this subsection, we review a generalization [8] of the last section in terms of noncommutative
geometry [9]. Notations will be slightly changed in order to be coherent with our further
analysis. In doing so, let us start by introducing the noncommutativity between the spatial
coordinates, such as
[xi, xj ] = iθij (16)
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where θij = ǫijθ is the noncommutativity parameter and ǫ12 = −ǫ21 = 1. Basically, we are
forced in this case to replace fg(x) = f(x)g(x) by the relation
f(x) ⋆ g(x) = exp[
i
2
θij∂xi∂yj ]f(x)g(y)|x=y (17)
where f and g are two arbitrary functions, supposed to be infinitely differentiable. As a
consequence, now we are going to deal with quantum mechanics by considering the following
algebra
[xi, xj] = iθij
[pi, xj ] = −iδij
[pi, pj] = 0.
(18)
Actually, we can write down the noncommutative version of the Hamiltonian (4). In doing
so, let us notice that H acts on an arbitrary function Ψ(~r, t) as
H ⋆Ψ(~r, t) = HncΨ(~r, t) (19)
which implies that Hnc is
Hnc = 1
2m
[(
γpx − eB2c y
)2
+
(
γpy +
eB
2c
x
)2]
+ eE(x− θ
2~
py) (20)
where γ is a new parameter and defined to be γ = 1− θl−2 and l = 2l0.
Now, one can use a similar process as in the previous section to diagonalise Hnc. Let us
define the following operators
b˜† = −2iγpz¯ + eB2c z + λ−
b˜ = 2iγpz +
eB
2c
z¯ + λ−
(21)
and
d˜ = 2iγpz − eB2c z¯
d˜† = −2iγpz¯ − eB2c z.
(22)
The sets of operators (b˜, b˜†) and (d˜, d˜†) commute with each other. Moreover, they verify the
commutation relations
[b˜, b˜†] = 2m~ω˜
[d˜†, d˜] = 2m~ω˜
(23)
where ω˜ and the λ± are given by
ω˜ = γω
λ± = λ± emEθ4γ~ .
(24)
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To ensure these equations hold and for further analysis, we assume that the condition θ 6= l2 is
satisfied. In terms of the above creation and annihilation operators, the Hamiltonian Hnc takes
the form
Hnc = 1
4m
(b˜†b˜+ b˜b˜†)− λ+
2m
(d˜† + d˜)− λ2−
2m
. (25)
As before, we can solve the eigenvalue equation
HncΨnc = EncΨnc (26)
to get the eigenstates:
Ψnc(n,α,θ) ≡ |n, α, θ >=
1√
(2m~ω˜)nn!
ei(αy+
mω˜
2~
xy)(b˜†)n|0 > (27)
and the corresponding eigenvalues:
Enc(n,α,θ) =
~ω˜
2
(2n+ 1)− ~γλ+
m
α− m
2
λ2− (28)
where n = 0, 1, 2... and α ∈ R.
The conductivity resulting from the Hamiltonian Hnc is determined by defining the current
operator ~Jnc on the noncommutative plane as
~Jnc = −eργ
m
(γ~p+
e
c
~A+ ~a) (29)
where the ~a vector is
~a = (0,−meEθ
2~γ
). (30)
Its expectation value is calculated with respect to the eigenstates |n, α, θ > (27) and is found
to be
< Jncx >= 0
< Jncy >= −
(
γ ρec
B
)
E.
(31)
Therefore, the Hall conductivity on the noncommutative plane of electrons, denoted by σncH , is
σncH = −γ
ρec
B
(32)
and as before we can define an effective filling factor
νeff =
γΦ0ρ
B
(33)
corresponding to an effective magnetic field:
Beff =
B
γ
(34)
where Φ0 =
hc
e
is the unit flux. To close this section, let us notice that the commutative analysis
is recovered if the noncommutativity parameter θ is switched off.
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3 Measurement and quantization of θ
Before we start, let us mention that in our work [8] we offered two interpretations for equa-
tion (32). In particular (32) can be seen as a result of the FQHE at fractional filling factor f .
Identifying
νeff |θ=θH = f (35)
we find
θH =
2Φ0
πB
(
1− f B
Φ0ρ
)
(36)
which tells us when θ is fixed to be θH, one can envisage the Hall effect on noncommutative
plane as the usual fractional quantum Hall effect.
3.1 Measurement
Next, we determine explicit values of θ by using experimental observations. Such measurements
are possible since we actually have a relation (36) governing the present parameters. Basically,
to measure θ one can use experimental data where f and the corresponding magnetic field are
well-known. To do this task, we should fix the FQHE system and the corresponding ingredients.
For instance, let us consider two different systems of electrons:
GaAs/AlGaAs heterostructure:
This system was the subject of many investigations dealing with the FQHE at low temperature
and high mobility. In [10], the authors obtained some measurements by considering the present
system of electron density ρ = 1.51011cm−2. Their experimental data was reported as follows:
The energy gap of the FQHE state at ν = 4/3 is 0.27K at B = 7.3T , while it is 0.19K at
B = 5.9T for ν = 5/3 state.
At this stage, we can have a fixed value of the noncommutativity parameter. Indeed, the
magnetic length can be measured in terms of the magnetic field such as
l0[m] = 25.6510
−9[B(T )]−1/2. (37)
On the other hand, let us rewrite (36) as follows
θH[m
2] = 4l20 −
2f
πρ
. (38)
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Now, we can have an explicit value of θ corresponding to the above experimental data. Therefore
for the ν = 4/3 state, we obtain
θH|ν=4/3 = 0.2055 10−11cm2 (39)
while the ν = 5/3 state leads us to have
θH|ν=5/3 = 0.2617 10−11cm2. (40)
This is a way to give some hints on spatial noncommutativity. Moreover, another possibility is
given in terms of Aharonov-Bohm effect, where an experiment is proposed to measure θ [8].
GaAs-Al0.3Ga0.7As heterostructure:
Here we are going to give a table including some experimental results and the corresponding
measurement of the noncommutativity parameter θ. The above system is considered in [11]
and their results are listed in the table. Therefore, from the author’s observation and equa-
tion (38), one can end up with a table involving a summary of the values for the quantized Hall
conductivity of the various FQHE and the corresponding values of θ:
ν ρ (cm−2) B (kG) 4l20 (cm
2) θ (cm2) θ
4l2
0
1/3 1.53 1011 190 0.138510 10−11 0.000257 10−11 0.001855
2/3 2.42 1011 150 0.175446 10−11 0.000020 10−11 0.000113
2/5 2.13 1011 220 0.119622 10−11 0.000008 10−11 0.000066
3/5 2.13 1011 147 0.179026 10−11 0.000393 10−11 0.002195
5/3 2.06 1011 53 0.496545 10−11 0.018780 10−11 0.037821
3/7 2.13 1011 206 0.127751 10−11 0.000405 10−11 0.003170
From this table we observe that the ratio θ
4l2
0
is very much smaller than one, which means
that θ ≪ 4l20. Therefore, for this system the corresponding effective magnetic field can be
approximated as
Beff ≈ B + Bθ
4l20
. (41)
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3.2 Quantization
Once the noncommutativity parameter θ is linked to the fractional filling factor (36), then one
can ask about the quantization of θ in terms of the magnetic length l0. To clarify this point,
let us demand that σH is nothing but referring to the IQHE, namely
σH = −ie
2
h
(42)
where i is integer value. Then, (36) can be written as
θH = 4l
2
0
(
1− f
i
)
(43)
this tells us that θ is actually quantized either fractionally or integrally. Now we would like
to make contact with the Murthy-Shankar c2 parameter [6], which is related to the CF theory.
Indeed, let us consider the case where the filling factor f is identified to the Jain series
f =
i
2ip+ 1
(44)
where p = 0, 1, · · ·. Now injecting (44) in (43), we find
θH = 4l
2
0
( 2ip
2ip+ 1
)
. (45)
Setting k = ip = 0, 1, 2, · · ·, we obtain
θH = 4l
2
0
( 2k
2k + 1
)
. (46)
Therefore the fractional value 2k
2k+1
is exactly the quantity c2 defined recently by Murthy and
Shankar [6] to formulate a Hamiltonian for the FQHE in the CF basis. Then, we can write the
above relation as
θH
4l2
= c2. (47)
We will come back to the Murthy-Shankar method in the next section when we will talk about
the CF’s.
4 Composite fermions
In this section, we show that the recent results obtained by Murthy and Shankar concerning
the CF’s are particular cases of what is derived before [8] by considering electrons moving on
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the noncommutative plane. CF’s are particles carrying an even number 2p (p = 1, 2, · · ·) of
flux quanta (vortices). They have the same charge, spin and statistics as the usual particles,
but they differ from them since they experience an effective magnetic field
B∗ = B ± 2pρΦ0. (48)
Before going on, we note that a system of electrons living on the noncommutative plane in
the presence of an external magnetic field B can be seen as a set of CF’s subject to an effective
magnetic field Beff and living on the usual plane. This statement is supported by the following
relation [8]
Beff |θ=θc = B∗ (49)
where Beff is given in (34). This equation leads us to have
θc =
2Φ0
πB
[
1± (1− 2pρΦ0
B
)−1
]
. (50)
4.1 Murthy-Shankar approach
In this subsection, we are going to review shortly the recent development of Murthy and
Shankar [6] for the FQHE. Indeed, the authors considered a CF Hilbert space, where each
fermion is described by a coordinate ~r and momentum ~p, by constructing the following opera-
tor
~π = ~p+ e ~A∗ (51)
where the weakened vector potential A∗
A∗ =
A
2ps+ 1
(52)
is what the CF sees, where p and s are integers. In terms of these variables, the electron guiding
center ~Re takes the form
~Re = ~r − l
2
(1 + c)
~ˆz × ~π (53)
where the c parameter is given by
c2 =
2ps
2ps+ 1
. (54)
It is easy to see that
[Rex, Rey] = −il20. (55)
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Actually, ~Re can be written in terms of the CF guiding center and cyclotron coordinates ~R and
~η, such that
~Re = ~R + c~η. (56)
Another pair of guiding center-like coordinates commuting with ~Re can be defined
~Rv = ~R +
1
c
~η (57)
which can also be mapped in terms of ~r and ~π:
~Rv = ~r +
l2
c(1+c)
~ˆz × ~π
[Rvx , Rvy] = il
2/c2.
(58)
These correspond to the guiding center coordinates of a particle of charge −c2 = −2ps/(2ps+1),
which is precisely the charge of an object that must pair with the electron to form the CF called
pseudo-vortex coordinate, since it has the same charge as a 2s-fold vortex in Laughlin states.
Since ~Rv has a magnetic algebra charge of −c2, and there is one pseudo-vortex per electron,
one can see that it is always at filling factor:
ν ′ =
ν
−c2 = −
1
2s
(59)
corresponding to the bosonic Laughlin wavefunctions [12]:
ΨL =
∏
i<j
(zi − zj)2se
−
∑
i
c2|zi|
2
4
(60)
For many speculations about this approach and related matters, one can see the author’s
original work [6].
4.2 Noncommutative nature
We show that the Murthy-Shankar approach has a noncommutative nature and therefore there
is a theory more general and is actually noncommutativity parameter θ dependent. In fact, we
have seen in the beginning of this section that the CF theory can be envisaged as a particular
theory of electrons moving on the NC plane and this statement is governed by equation (50).
To process, let us write (50) as follows
θc
4l20
=
4pπρl20
4pπρl20 ± 1
. (61)
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Remembering that the filling factor is given by ν = 2πρl20, putting this in relation (61), we find
θc
4l2
=
2pν
2pν ± 1 . (62)
In a similar way and for the same reason as we have seen in the last subsection, let us define a
noncommutative filling factor as
ν
′
nc =
ν∗
−θc/4l2 (63)
for any filling factor ν∗ characterizing the quantum Hall effect. It is equivalent to
ν
′
nc = −ν∗
(
1± 1
2pν
)
(64)
and the corresponding wavefunctions can be written as
Ψnc =
∏
i<j
(zi − zj)1/−ν
′
nc e
− θc
16l2
∑
i
|zi|2
. (65)
This may be a general way to see that the Murthy-Shankar method is in fact a particular case
of noncommutative analysis. To prove this statement, let us demand that ν is referred to the
IQHE by fixing ν ≡ i = 1, 2, · · ·. Therefore, we end up with
θc
4l2
|ν≡i = 2ip
2ip± 1 (66)
showing that
θc
4l2
|ν∗≡i = c2 (67)
Moreover, equation (64) becomes
ν
′
nc|ν≡i = −ν∗
(
1± 1
2ip
)
. (68)
Fixing ν∗ to be i
2ip±1
, we obtain
ν
′
nc|ν≡i ≡ ν ′ = −
1
2p
(69)
which is nothing but the Murthy-Shankar filling factor (59). Therefore we arrived to conclude
that considering the weakened vector potential A∗ seen by CF’s is equivalent to having a set
of particles living on noncommutative space. Clearly, this analysis gives one example among
other applications of noncommutative geometry in physics and shows how NC can serve to
study some condensed matter physics phenomena.
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5 Conclusion
By exploring the experimental data of some fractional quantum Hall systems a measure-
ment of the noncommutativity parameter θ is given. In fact, two different heterostructures:
GaAs/AlGaAs and GaAs-Al0.3Ga0.7As are considered and showing different values of θ. For
the first system, we obtained the θ values corresponding to the filling factors 4
3
and 5
3
. While for
the second one several values are determined and a comparison with respect to the magnetic
length was given, see table. This measurement gives some hint on spatial noncommutativity.
On the other hand, we developed an analysis in terms of noncommutative geometry to
generalize the recent Murthy-Shankar proposal and also to prove that their proposal has in fact
a noncommutative origin.
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